Abstract-We propose transmit antenna selection with receive generalized selection combining in dual-hop cognitive decodeand-forward relay networks with spectrum sharing for reliability enhancement and interference relaxation. In this network, a single antenna, which maximizes the receive signal-to-noise ratio (SNR) is selected at the secondary transmitter, and a subset of receive antennas with the highest SNRs is combined at the secondary receiver. To demonstrate the advantages of our proposed framework, we derive new exact closed-form expressions for the outage probability and the symbol error rate of the secondary network in Rayleigh fading. We also derive easy-to-evaluate asymptotic expressions in the high-SNR regime to gain practical insights. Several important design insights are reached. Under the proportional interference power constraint, the full diversity gain is achieved and is entirely determined by the total number of antennas available in the secondary network. This result is independent of the number of receive antennas combined and the number of primary users. The positive impact of the number of receive antennas combined and the negative impact of the number of primary users on the secondary network are showcased in the SNR gain. Under the fixed interference power constraint, error floors are displayed, and the diversity gain is lost.
I. INTRODUCTION
T HE unbalanced temporal and geographical variations of spectrum usage along with the rapid proliferation of bandwidth-hungry mobile applications, such as video streaming with high definition television (HDTV) and ultra high definition video (UHDV), have inspired cognitive radio as a promising technology to alleviate the pressure of scarce spectrum resources [1] . In underlay cognitive radio [2] , [3] , the unlicensed secondary user (SU) is permitted to concurrently access the same spectrum as the licensed primary user (PU) under the premise that the interference inflicted by the SU on the PU falls below a predetermined threshold, namely, the interference temperature [3] , [4] . The constrained transmit power at the SU typically results in unstable transmission and restricted coverage, which drives the demand for robust transmission techniques suited for networks that are subject to power and interference constraints. Herein, cognitive relays and multipleinput multiple-output (MIMO) transmission are promising candidates for coverage extension, performance enhancement, and interference reduction. While single antenna relays are able to boost the coverage and enhance the performance of the secondary network, MIMO enables multi-fold capacity and diversity enhancement without additional spectrum resources [5] - [7] .
Due to its dramatic enhancement in transmission reliability and coverage expansion, cognitive relay networks have attracted increasing research interests. Much of the existing studies on cognitive relay networks have focussed on single antenna protocols. In [8] , the outage probability of a cyclic prefixed single-carrier relay network with cognitive spectrum sharing was analyzed. In [9] , the diversity gain of a three-node cognitive relay network over non-identical Rayleigh fading was derived. In [10] and [11] , the outage probability with relay selection was addressed subject to interference temperature at the PU receiver and co-channel interference from the PU transmitter, respectively. In [12] , the outage probability was analyzed under the basic three-node DF relay model in cognitive spectrum sharing. In [13] , co-channel interference from the PU transmitter was considered at the secondary network. In [14] , the relay which maximizes the minimum signal-to-noise ratio (SNR) between the source-to-relay link and the relayto-destination link was selected in the absence of the direct link. While [15] selected the best relay, in the presence of the direct link, the outage probability with best relay selection was examined in [16] - [19] . In [20] , the outage probability of a dualhop cognitive relay network with multiple PUs was derived. In [21] , the impact of multiple primary transceivers on the outage probability was examined.
The rapid evolution of MIMO has created new opportunities for cognitive spectrum sharing [22] - [25] . In [26] , [27] , maximal-ratio combining (MRC) was applied at the secondary receiver. In particular, [26] revealed that the capacity loss due to estimation errors can be compensated using MRC. In [27] , the joint impact of the peak interference power and the maximum transmit power on the ergodic capacity and symbol error rate (SER) were quantified. In [28] , the effective capacity with generalized selection combining (GSC) at the SU was derived. In [29] , MRC was adopted at the secondary and primary networks, and the ergodic capacity was examined in Nakagami fading.
Different from the aforementioned works, we introduce transmit antenna selection with receive generalized selection combining (TAS/GSC) in cognitive relay networks. At the transmitter, TAS substantially reduces the implementation complexity and the feedback overhead due to the fact that only the index of the selected transmit antenna is fed back. As such, the transmitter does not require channel state information (CSI) of all the antennas compared with alternative MIMO techniques such as spatial multiplexing and beamforming [25] . Indeed, the advantages of antenna selection has been recognized in many IEEE standards including IEEE 802.11n for WLAN [30] , IEEE 802.16 for WiMAX [31] , and LTE-Advanced [32] . At the receiver, GSC offers a performance/implementation tradeoff between MRC and selection combining (SC) [33] , [34] . In this setting, we consider a dual-hop network where TAS/GSC is applied in the source-to-relay link and the relay-to-destination link of the secondary network. A decode-and-forward (DF) relay is utilized to assist the transmission and compensate the restricted coverage resulting from the interference temperature constraint [13] . By doing so, a single transmit antenna that maximizes the signal-to-noise ratio (SNR) at the secondary source and the secondary relay is selected, while a subset of receiver antennas with the highest SNRs are combined at the secondary relay and the secondary destination. We note that selecting the strongest transmit antenna for the SU corresponds to a random transmit antenna for the PU, which reduces the interference at the PU. In addition, GSC is a promising compromise between the more complex maximal-ratio combining (MRC) and the less complex selection combining (SC) in terms of complexity and performance. Therefore, the competing demands on the transmit power to maximize the performance in the secondary network and to minimize the interference in the primary network can be well balanced.
In this paper, we consider cognitive relay networks with TAS/GSC in Rayleigh fading channels. Under this paradigm, TAS/GSC is a promising candidate for interference management at the PU and performance improvement at the SU, at no extra cost of spectrum resources. Our goal is to examine the impact of TAS/GSC under two key constraints: i) peak interference power at the PUs, Q and ii) maximum transmit power at the SUs, P . Our major contributions are summarized as follows. 1) We derive new exact closed-form expressions for the cumulative distribution function (CDF) of the instantaneous received end-to-end SNR. We quantify the relationship between the peak interference power and the maximum transmit power constraints. 2) We derive new exact closed-form expressions for the outage probability and the SER based on our newly derived CDF. We accurately examine how the number of PUs, the total number of antennas available, and the number of receive antennas combined contribute to those two important performance metrics. 3) We derive new first-order expansions for the CDF of the end-to-end SNR to facilitate the asymptotic analysis of the outage probability and the SER with binary phase shift keying (BPSK) and quadrature phase shift keying (QPSK) in the high SNR regime. Based on our asymptotic expressions, we characterize the diversity gain and the SNR gain as two important design measures.
Our exact and asymptotic expressions for the outage probability and the SER are valid for arbitrary M PUs. They are also valid for arbitrary N S antennas at the secondary source, N R antennas at the secondary relay, and N D antennas at the secondary destination. We show that the outage probability and the SER decrease as the number of receive antennas combined at the secondary relay and the secondary destination increases. We also show that the outage probability and the SER increase as the number of PUs increases. The positive impact of the number of receive antennas combined and the negative impact of the number of PUs on the secondary network are reflected in the SNR gain. Furthermore, we find that under a proportional interference power constraint where Q is directly proportional to P , the full diversity gain is achieved in the high SNR regime. This diversity gain is entirely determined by the total number of antennas available in the secondary network. Under a fixed interference power constraint where Q is fixed and independent of P , error floors are displayed in the high SNR regime, and the diversity gain is lost.
The rest of the paper is organized as follows. Section II describes the network and channel for the proposed cognitive MIMO relay with TAS/GSC. Section III examines the statistical properties of the end-to-end SNR. Section IV derives the exact and asymptotic outage probability, and Section V derives the exact and asymptotic SER. Finally, Section VI presents the numerical results, and Section VII concludes the paper.
II. NETWORK AND CHANNEL DESCRIPTION
We consider cognitive spectrum sharing with dual-hop relaying where the secondary network is allowed to utilize the same spectrum licensed to the primary network. As shown in In the proposed underlay spectrum sharing network, the interference power at the PUs originating from the SUs must not exceed a predetermined threshold level. According to this paradigm, the transmit powers at S and R are constrained according to
(1)
respectively, where P is the maximum transmission power, and Q is the maximum permissible interference power. We denote |h 1i * | = max m {|h 1i * m |} as the largest channel coefficient from the transmit antenna at S to the M PUs, and |h 2j * | = max m {|h 2j * m |} as the largest channel coefficient from the transmit antenna at R to the M PUs.
In the S → R link, a single transmit antenna is selected at S, and the receive antennas at R are combined using GSC.
The index of the selected transmit antenna at S is determined as i * = arg max 1≤i≤N S {θ i }, and the largest channel vector is denoted as g 1i * θ i * .
In the R → D link, a single transmit antenna is selected at R, and the receive antennas at D are combined using GSC.
As such, the index of the selected transmit antenna at R is j * = arg max 1≤j≤N R {θ j }, and the largest channel vector is g 2j * θ j * .
Applying (1) and (2), the instantaneous end-to-end SNR of the cognitive relay network with TAS/GSC and DF relaying is defined as
where the instantaneous SNR in the S → R link is
and the instantaneous SNR in the R → D link is
In (4) and (5), we define γ P = P/N 0 and γ Q = Q/N 0 , where N 0 is the noise power of the additive white Gaussian noise (AWGN).
III. STATISTICAL PROPERTIES OF THE END-TO-END SNR
In this section, we derive a new exact expression for the CDF of the end-to-end SNR of the secondary network. The CDF will lay the foundation for deriving the exact and asymptotic outage probability. In [34] , the statistics of GSC in non-spectrum sharing networks without relays was derived under Rayleigh fading. Based on [34] , we derive the CDF of the end-to-end SNR in cognitive relay networks with TAS/GSC. We proceed by presenting the CDFs of g 1i * θ i * 2 and |h 1i * | 2 as follows. We derive the CDF of g 1i * θ i * 2 in the S → R link by applying [34, eq. (4) ] and the multinomial expansion [35, p.166] , which results in
where
The parameters in (6) are defined as
where ε l R in (7) is given by
The CDF of |h 1i * | 2 in the S → PU link is written as
Based on the CDFs of g 1i * θ i * 2 and |h 1i * | 2 , we present the exact CDF of γ 1 in the following theorem.
Theorem 1: A closed-form expression for the CDF of γ 1 is given by
We highlight that (12) consists of simple finite summations of power functions, exponential functions, and the incomplete gamma function. Importantly, the derived CDF expression is valid for general operating scenarios with arbitrary M , N R , and L R . Moreover, this expression is applicable in the pointto-point transmission with TAS/GSC.
Proof: See the Appendix. The CDF of γ 2 follows from (12) by interchanging the parameters
+ . Here, we define
where ε l D in (13) is given by
IV. OUTAGE PROBABILITY In this section, we address the joint impact of the maximum transmit power P and the peak interference power Q on the exact and asymptotic outage probability.
A. Exact Analysis
In DF relaying, the end-to-end outage probability is determined by the worst link between the S → R and R → D links, given by [36] P out (γ th ) = Pr (min(γ 1 , γ 2 ) ≤ γ th ) = F γ 1 (γ th )+F γ 2 (γ th )−F γ 1 (γ th )F γ 2 (γ th ), (17) where Pr{·} denotes the probability. Based on the CDFs of γ 1 and γ 2 , we present a new closed-form expression for the exact outage probability of cognitive spectrum sharing with TAS/GSC and DF relaying as (18) where
Note that our result in (18) is in exact closed-form, which involves easy-to-evaluate finite summations and the standard incomplete gamma function [37, eq. (8. 350.2) ].
Corollary 1: The exact closed-form expression for the outage probability of cognitive spectrum sharing with TAS/SC and DF relaying is given as
Corollary 2: The exact closed-form expression for the outage probability of cognitive spectrum sharing with TAS/MRC and DF relaying follows from (18) and (19) , where
B. Asymptotic Analysis
Next, we examine the asymptotic outage probability in the high SNR regime. The main purpose behind our asymptotic analysis is to extract two important design parameters: 1) diversity gain and 2) SNR gain. In doing so, we consider two practical scenarios: 1) proportional interference power constraint where the peak interference power Q is proportional to the maximum transmit power P (i.e., γ Q = μγ P ) and 2) fixed interference power constraint where the peak interference power Q is fixed and independent of the maximum transmit power P (i.e., γ Q = ρ). Here, μ and ρ are positive constants. Note that there is no operational difference between the fixed and proportional interference constraints in managing interference at the PU [38] .
1) Proportional Interference Power Constraint: Similar to [14] and [21] , we consider the proportional interference power constraint where Q at the PUs is scaled according to P at S and R. As such, we assume that both P and Q grow large in the high SNR regime. This applies to the scenario where the PU is able to tolerate a high amount of interference from S and R. This assumption with proportional interference power constraint benefits the secondary network without violating the transmission at the primary network. With this in mind, we take into account and study the effect of the so-called power scaling on the outage probability. In the following theorem, we present the asymptotic outage probability under the proportional interference power constraint.
We derive the first non-zero order expansion of the CDF of g 1i * θ i * 2 by applying [37, 
Substituting (25) into (58), the first non-zero order expansion of the CDF of γ 1 and γ 2 is attained and substituted into (17) to yield the asymptotic outage probability as (26) in the following theorem.
Theorem 2: When Q scales with P , the asymptotic outage probability of cognitive spectrum sharing with TAS/GSC and DF relaying as γ P → ∞ is given by
where the diversity gain is
and the SNR gain is
The result in Theorem 2 is valid for the practical cognitive scenario where the SU transmit power is designed according to the PU interference temperature. We note that the diversity gain is independent of the primary network. In fact, we see in (27) that the diversity gain is entirely determined by the total number of antennas N S , N R , and N D , rather than the number of selected antennas L R and L D . Furthermore, it is evident from (28) that the SNR gain increases as the number of PUs decreases.
Corollary 3: By substituting L R = 1 and L R = N R into (51) and (52), the SNR gains of cognitive spectrum sharing with TAS/SC and TAS/MRC are derived, respectively. As such, we obtain the SNR gap between GSC and SC as
and the SNR gap between GSC and MRC as
We see that the SNR gaps are independent of the primary network. Notably, they are only determined by N R , L R , N D , and L D .
2) Fixed Interference Power Constraint: Different from the proportional interference power constraint, in this subsection, we focus on the fixed interference power constraint where Q is fixed and only P grows large in the high SNR regime [39] , [40] . This applies to the scenario where the PU can only tolerate a limited amount of interference from S and R. As such, when P exceeds Q, the actual transmit power at S and R is effectively constrained by Q as defined in (1) and (2). We present the asymptotic outage probability with the fixed interference power constraint in the following theorem.
Theorem 3: When γ Q is fixed, the asymptotic outage probability of cognitive spectrum sharing with TAS/GSC and DF relaying as γ P → ∞ is given by
The result in Theorem 3 is valid for practical cognitive scenarios where the maximum SU transmit power is independent of the PU interference temperature when γ Q is fixed. We see from (33) that an error floor exists with a zero diversity gain when γ P → ∞.
V. SYMBOL ERROR RATE
In this section, we focus on another important metric for quantifying our proposed framework, namely, SER. We derive a closed-form expression for the SER based on the CDF of the end-to-end SNR in (18) . For well-known modulation schemes, the SER of cognitive spectrum sharing with TAS/GSC and DF relaying can be expressed as
where P s1 and P s2 can be expressed as
In (39) and (40), a and b are modulation specific constants. 
A. Exact Analysis
Substituting (12) into (39) , and after some algebra, the SER of the first hop can be expressed as
We first derive η 1 as
With the help of [37, eq.8.352.4], we then derive η 2 as
By applying [37, eq.9.211.4.8], the integral ω can be solved as
Integrating (44), (42) and (43) into (41), we derive a new exact expression for the SER of the first hop as
The exact SER of the second hop follows from (45). Therefore, we derive the exact expression of the end-to-end SER in the following theorem.
Theorem 4: A new closed-form expression for the SER of DF relaying is given by
Note that (46) 
B. Asymptotic Analysis
In this subsection, we examine the asymptotic performance of the SER in the high SNR regime to gain deeper insights into the impact of L R , L D , and M on the SER. We present the asymptotic SER in the following theorem.
1) Proportional Interference Power Constraint: Theorem 5:
When Q is proportional to P , the asymptotic SER of cognitive spectrum sharing with TAS/GSC and DF relaying as γ P → ∞ is given by
with
The result in Theorem 5 is valid for the practical cognitive scenario where γ Q = μγ P . From (49), it is obvious that the diversity gain is independent of the modulation scheme and only determined by N S , N R , and N D in the secondary network. The impact of modulation is entirely reflected on the SNR gain. We observe from (50) that the SNR gain is inversely proportional to the modulation specific constants a and b and is directly proportional to the number of PUs M .
2) Fixed Interference Power Constraint: Theorem 6: When γ Q is fixed, the asymptotic outage probability of cognitive spectrum sharing with TAS/GSC and DF relaying as γ P → ∞ is given by
where The result in Theorem 6 is valid for the practical cognitive scenario when γ Q is fixed. We see from (53) that an error floor exists with a zero diversity gain when γ P → ∞.
VI. NUMERICAL RESULTS
We present numerical results to examine the impact of TAS/ GSC on the outage probability and SER of cognitive relay networks. We consider the following two scenarios: 1) proportional interference power constraint with μ = 2 and 2) fixed interference power constraint with ρ = 25 dB. We also set the threshold SNR as γ th = 1 dB. Fig. 2 plots the exact and asymptotic outage probability of the secondary network under proportional interference power constraint from (18) and (26) , respectively, for varying M . It is easy to note that our exact curves precisely agree with the simulation points, and our asymptotic curves accurately predict the diversity gain and the SNR gain of the network. As expected, the outage probability decreases with decreasing M . This can be explained by the fact that the SNR gain, as indicated in (28), increases with decreasing number of PUs, M . We also observe that the diversity gain remains the same under different M which is reflected by the parallel slopes of the asymptotes, which confirms our result in (27) . Fig. 3 plots the exact and asymptotic outage probability of the secondary network under proportional interference power constraint from (18) and (26), respectively, for varying L R and L D . By doing so, we examine the influence of TAS/GSC in each hop on the outage probability. We see that the diversity gain is independent of L R and L D , as shown by the parallel slopes of the asymptotes. The special cases of TAS/MRC and TAS/SC are characterized by setting L R = L D = 3 and L R = L D = 1, respectively. As expected, TAS/GSC outperforms TAS/SC whereas TAS/MRC outperforms TAS/GSC. This is due to the fact that the SNR gain increases with increasing L R and L D , as indicated by (28) .
Figs. 4 and 5 plot the exact and asymptotic outage probability of the secondary network under fixed interference power constraint from (18) and (33), respectively, for varying M and varying L R , L D . In the figures, our asymptotic results correctly predict the behavior of the outage probability in the high SNR regime. As expected, the outage probability decreases with decreasing M and with increasing L R and L D , as indicated in (33) . We notice that the outage probability saturates beyond 22 dB and displays error floors in the high SNR regime. This is due to the fact that the fixed interference power constraint limits the transmit power of S and R, which, in turn, limits the outage probability. Fig. 6 plots the exact and asymptotic SER of the secondary network under proportional interference power constraint from (46) and (48), respectively, for varying M . It is obvious that our exact curves matches well with the simulation points. We see that the SER of our proposed network with BPSK outperforms QPSK. We also see that the SER decreases as the number of PU M decreases. We confirm that BPSK and QPSK achieve the same diversity gain, and are independent of the primary network, as shown in (49). Furthermore, the negative impact of the primary network on the SER is displayed in the SNR gain, as indicated in (50). Figs. 8 and 9 plot the exact and asymptotic SER of the secondary network under fixed interference power constraint from (46) and (53), respectively, for varying M and varying L R , L D . In the low-to-medium SNR regime, the SER decreases with decreasing M , and with increasing L R and L D , as indicated in (53). In the high SNR regime, the SER saturates and exhibits error floors. In these cases, the diversity gain is lost.
VII. CONCLUSION
We proposed cognitive spectrum sharing with TAS/GSC and DF relaying in the presence of multiple primary users. This setup is well suited to extend the coverage of the secondary network and reduce the interference in the primary network.
With this in mind, we derived new closed-form expressions for the exact and asymptotic outage probability and SER of the secondary network with proportional and fixed interference power constraints. Our results are valid for arbitrary M primary users, N S antennas at the secondary source, N R antennas at the secondary relay, and N D antennas at the secondary destination. For the proportional interference power constraint, our new closed-form expressions indicate that the diversity gain is entirely determined by the total number of antennas in the secondary network and independent of the primary network. In fact, we show that the diversity gain is equal to N R × min{N S , N D }. For the fixed interference power constraint, we show that an error floor exists and the diversity gain is lost.
APPENDIX PROOF OF THEOREM 1
According to (4) , the CDF of γ 1 is written as
By substituting (6) and (11) into (58), the first term I 1 is obtained as
The second term I 2 is written in terms of the CDF of g 1i * θ i * 2 and the PDF of |h 1i * | 2 as
Based on (11), the PDF of |h 1i * | 2 is derived as
By substituting (6) and (61) into (60), the integral in I 2 is solved using [37, eq. 
and the second term I 2 is represented as
Substituting (59) and (63) into (58), the CDF of the SNR in the first hop is finally derived as (12) .
